Introduction to BRS symmetry by Becchi, C
INTRODUCTION TO BRS SYMMETRY
C. BECCHI
Dipartimento di Fisica, Universita di Genova,
Istituto Nazionale di Fisica Nucleare, Sezione di Genova,
via Dodecaneso 33, 16146 Genova (Italy)
This paper contains the lecture notes of a short course on the quantization
of gauge theories. Starting from a sketchy review of scattering theory, the
paper describes the lines of BRST-Faddeev-Popov quantization considering
the problem of a non-perturbative extension of this method. The connection
between Slavnov-Taylor identity and S-matrix unitarity is also discussed.
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1 Introduction
These lectures begin recalling some general results of scattering theory [1].
The reduction formulae for the S-matrix are given in terms of the Green
functional in the case of a massive eld theory together with The Feynman
formula for the Green functional. Then the analysis comes to gauge theo-
ries for which the concept of gauge orbit is introduced. The Faddeev-Popov
denition [2] of a nite functional measure is given. The BRST external dif-
ferential operator along the orbits is introduced together with the full BRS
operator [3]. The gauge algebra of the innitesimal gauge transformations is
briefly discussed. Assuming the existence of a global gauge xing (no Gribov
ambiguity [7]) the Slavnov-Taylor identity and the gauge xing independence
of the theory is deduced from the BRS invariance of the functional measure.
The extension of the Faddeev-Popov formula to the case of Gribov ambigui-
ties is briefly discussed together with that of the Slavnov-Taylor identity. The
Slavnov-Taylor identity is then translated in terms of the proper functional
( the eective action ) and the extension of the method to the case of gauge
algebras that are closed only modulo the eld equations is discussed. Limit-
ing for simplicity the study to the case of massive elds the Slavnov-Taylor
identity is applied to the two-point functions, this leads to the introduction
of the BRS symmetry for the asymptotic elds ( in the form of Kugo and
Ojima [14] ) and to the proof the existence of a physical Hilbert space in
which the S-matrix is unitary.
2 The S-matrix
In quantum eld theory [1] the scattering amplitudes are computed by means
of the reduction formula. This can be simply written using the Green func-
tional generator of the theory that is dened according:






Ω > : (1)
where  and j in general label a set of quantized elds and corresponding
sources with dierent Lorentz covariances. Zc is the connected functional.
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in terms of the functional measure d of the theory that is deduced from it









and excluding for simplicity the presence of massless elds, we can separate










Γ (p) +R(x)  

as (x) +R(x) ; (4)
where the Fourier transform of R has no pole in p2. It is clear that the
asymptotic propagator is by no means unique since Γ is dened up to a
polynomial in p2 vanishing at m2; however this lack of uniqueness does not
















and the asymptotic wave operator:
Kγ(@)
γ(x) = (x) ; (6)





j(x) : Zjj=0 : e
 : Zjj=0 : (7)
3 Gauge invariance and BRS symmetry
Now we come to the quantization of gauge theories. In this course we shall
disregard the crucial problem of the explicit non-perturbative construction
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of the theory, limiting our analysis to the formal and symmetry aspects that
should allow the construction and characterize the solution of the full quan-
tum theory. We shall be often concerned with the functional measure of the
theory; avoiding any consideration of its actual denition we shall indier-










Furthermore, in order to simplify the notation we shall merge all the labels
of the elds into a single index, thus disregarding the space-time variable.
Assuming the usual convention of summation over repeated indices we shall
also often omit the integration symbol. However one should keep rmly in
mind that the elds are local variables and that locality is considered to play
a crucial role in eld theory. For many reasons we shall also avoid discussing
many mathematical aspects that should bring our analysis too far from its
purposes. Let us call F0 the eld space, that is the conguration space upon
which the gauge theory is constructed. In a gauge theory F0 is bered by the
gauge orbits O that is the set of gauge transforms of a given conguration.
Considering the innitesimal transformations and translating everything in
dierential geometry terms ( we are freely following e.g. [4]), we are given a
system of partial dierential operators fXg on F0, that we shall label with
the index I , and that in any point of F0 dene a system of tangent vectors
to the corresponding orbit. Denoting the generic eld coordinate in F0 by
the , we can write these operators in the form
XI = P

I ()@ ; (10)










The system fXg is often called the dierential system of the orbits, whose
very existence implies:




that is the complete integrability of fXg. In the standard situation the al-
gebra (12) is a Lie algebra, the structure functions CKIJ are constants. We
shall see in the following how (12) can be weakened restricting the integra-
bility condition to the "mass shell", that is modulo the eld equations. We
also assume that an X-invariant measure be uniquely dened up to an orbit-
independent normalization constant. This we shall call the vacuum invariant
measure, that is associated with the vacuum state of the theory. In general
one is interested in the vacuum correlators of local observables; these corre-
spond to the integrals of a dierent class of invariant measures that can be
written as the product of the vacuum measure times gauge invariant func-
tionals depending on the eld variables corresponding to a suitably localized
space-time domain. A generic invariant measure will be assumed to belong
to this class.
The vacuum functional measure is constant over the orbits O; in general
this makes the functional measure of F0 non integrable and the Green func-
tional ill dened. This diculty is cured by the Faddeev-Popov trick. To
recall it conveniently let us assume, even that if this is in general not the
case, that the original eld variables trivialize the bration; that is let us
assume that the set of elds fg is decomposed according fg and fg where
fg are constant along the orbits and fg are "vertical" coordinates. Then
it is natural to make the measure integrable by multiplying it through an
integrable functional of  whose integral over O corresponding to the above
mentioned X-invariant measure be independent of the orbit ( of  ). One
often considers the invariant Dirac inv [ − ]:
inv [ − ]   [ − ] detjXI 
J j ; (13)
but more generally one can consider its convolution with a suitable -functional.
Notice that the determinant appears in (13) since the action of a gauge
transformation does not correspond to a Euclidean transformation on the 
variables. The Faddeev-Popov measure [2] is obtained by the substitution:
d! d inv [ − ] ; (14)
The invariant Dirac measure can be easily written as a functional Fourier
transform. Introducing two sets of Grassmann variables f!Ig and f!Jg that
can be simply identied with the generators of an exterior algebra and the
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corresponding derivatives that we label by f@!Ig and by f@!Jg, one introduces






for ! and an analogous denition for !. Then using the so called Nakanishi-








This formula can be interpreted as an enlargement of the eld space F0
with the addition of a set of ordinary elds corresponding to the Nakanishi-
Lautrup multipliers and of two sets of anticommuting elds corresponding to
the exterior algebra generators. We call FC the new space. We also introduce











Looking now into the details of (16), we see that the dierential operator







This operator, that is often called the BRST operator [3], is nilpotent due to





















Identifying the system f!g with that of the X-left-invariant forms we
can interpret the dierential operator dV as the vertical exterior dierential
operator on F0 that is with the operator on F0 that in any point is identied
with the exterior dierential operator on the orbit.
Let us now come back to the trivializing coordinates, it is clear that these
exist globally only in very special cases, in particular when the corresponding
bration is trivial. However in order that (14) dene a nite measure over
F0 it is sucient that the global section of F0 considered as a bered space
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be given, that is that it identify a single point on any orbit. This condition
is equivalent to the existence of a system of local functionals fΨ()g that we
shall continue to label with the index I , for which the Jacobian detjXIΨJ j
does not vanish in the points where Ψ = Ψ for some Ψ.
Assuming this condition, we shall replace in the exponent in (16) the











The above formula gives the denition of the gauge xing action SGF .
(20) can be translated in a simpler form introducing a new exterior
derivatiion s acting on the algebra generated by ! and ! whose action on 
and ! coincides with that of dV and:
s! = b ; sb = 0 ; (21)
and hence
s = dV + bI@!I : (22)








it is also obvious that s commutes with the physical functional measure d.
A further generalization of the measure, that includes also the convolutions
of (23) with generic functionals of Ψ, is obtained extending the choice of





with a generic functional  carrying the same quantum
numbers. In the standard situation  is a strictly local quadratic functional
of b; that is it is the space-time integral of a second order polynomial in
b, independent of its derivatives; therefore b is an auxiliary eld. However
there are models, in particular in supergravity, in which [5] b corresponds to
propagating degrees of freedom that play the role of extra ghosts.
A further comment on the auxiliary role of b and hence of ! is here
necessary. In this study we are tacitly considering the eld space FC nite
dimensional, strictly speaking this is, of course, not true since every eld
corresponds to an innite number of variables; however one assumes that
some mechanism, e.g. asymptotic freedom, renders nite the number of
eective degrees of freedom.
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where we have used the fact that the Berezin integral of a constant gives zero.
(24) shows that the Faddev-Popov measure corresponds to the insertion of
a dV -exact factor into the functional measure and the elds b and ! are
auxiliary in the sense that they allow the explicit construction of this factor













is an exact top form. It follows that its integral over a compact cycle, such
as a gauge group orbit of a lattice gauge theory, vanishes [6]2. This is due to
the fact that the gauge xing equation Ψ = Ψ has on a cycle an even num-
ber of solutions whose contributions to the above measure cancel pairwise.
However it should be clearly kept in mind that according to the Faddeev-
Popov prescription the functional integral should not cover the whole orbits
but only a compact subset of every orbit containing a single solution of the
gauge xing equation. To be explicit let us consider the extreme example in
which F0 reduces to a circle, a single U(1) gauge orbit; choosing  = ! sin ’
setting; s = i!@’ + b@! and integrating over the whole space, one getsI
d’
Z
dbd!d!eibsin ’+!!cos ’ =
I
d’ (sin ’) cos ’ = 0 ; (26)




dbd!d!eibsin ’+!!cos ’ = 1 : (27)
To conclude this section let us remember [7] that in the case of covariant
and local gauge choices the condition that Ψ = Ψ dene a global section of
2I thank M.Testa for calling my attention to this reference
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the orbit space does not hold true, the situation is less clear for the so called
axial gauges, that however suer even worst diseases [10]. We shall see how
this diculty can be overcome in the situation in which F0 can be divided
into a system of cells Ua in which one can nd for every cell a Ψa dening a
section of the cell.
4 The Slavnov-Taylor identity
The particular structure of the functional measure allows an immediate proof,
up to renormalization eects, of the Slavnov-Taylor (S-T) identity. That is:
for any measurable functional  :Z
dC e
iSGF s  = 0 : (28)
Indeed, using the same arguments as for (24), we get:Z
dC e


















iSGF  = 0 ; (29)
since the last expression apparently corresponds to an exact top form whose
support, according to the general prescription, is contained in the integration
domain, and hence that vanishes on the boundaries of this domain. Consid-
















dbeibsin ’A (’) = 0 ; (30)
since
R
dbeibsin ’A (’) vanishes at ’ = .
The identity (28) can be interpreted saying that all correlators between
elements of the image of s and s-invariants vanish. Indeed, according to its
denition given in section 3, the s-invariant functionals can be considered
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to be generic local factors in the invariant measure d. Considering the s
operator as the natural extension of dV , the exterior derivative corresponding
to the gauge transformations, it is natural to assume as a basic principle of
gauge theories the identication of observables with s-invariant functionals.
Due to the nilpotency of s this set contains the image of s, whose elements,
however, correspond to trivial observables according to (28). Therefore the
non-trivial observables belong to the quotient space of the kernel of s versus
its image, that its to the cohomology of s.
It remains to verify that the cohomology of s is equivalent to that of
the vertical exterior dierential operator dV . Indeed consider the functional
dierential operator:
  − (bI@bI + !I@!I) : (31)
Let P be the projector on the kernel of , that is on the ! and b-independent
functionals. It is apparent that  and hence P , commutes with s; therefore
a generic s-invariant:
(dV + bI@!I)X = 0 ; (32)
is the sum of two terms: PX and (1− P )X, satisfying:
dV PX = 0 ; s (1− P )X = 0 : (33)
In much the same way, an element of the image of s: Z = sY , is decomposed
according:
PZ = dV PY ; (1− P )Z = s(1− P )Y : (34)
Therefore the cohomology of s is the union of that of dV in the kernel of  and
that of s in the kernel of P . We want to verify that this second contribution
is trivial. Indeed, consider the dierential operator: !I@bI , satisfying:
f!I@bI ; sg = − ; (35)
for X s-invariant, this yields:
s!I@bI (1−P )X = −(1−P )X ! (1−P )X = −s
−1!I@bI(1−P )X ; (36)
and hence (1− P )X belongs to the image of s.
A second consequence of (28) is the gauge xing independence of the
correlators of observables. Indeed let us compare the expectation values of
the same s-invariant functional Ω computed with two measures corresponding
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to choices of  diering by . To rst order in  the dierence of the
expectation values is given by
i
Z
d eiSGF s () Ω = 0 : (37)
Of course this implies the independence of the expectation values of the choice
of  in a certain class of measurable functionals. Even in perturbation theory
this is not enough to prove that the expectation values in a renormalizable
gauge coincide with those in a non-renormalizable one.
We now come to the problem of extending the functional measure to the
situation in which the gauge xing is dened only locally. In general the
orbit manifold has to be divided into cells, each corresponding to a dierent
choice of : every cell in the orbit space corresponds to a cell Ua in F0. Let
a() be a suitable smooth positive function with support in Ua and and
such that the set fg be a partition of unity on the union of the supports
of the gauge-xed measures dCeisa . This is shown in the gure where the
shaded bands corresponds to the support of the measures and the circles to
the cells. Explicitly a cell will be dened giving its center, that is a special















where  is a smoothed Heavyside function and (x) = (x)−(−x); k−ak
is the L2 norm of the dierence − a. Hints about the values of Ra can be
found in [8].
The BRS invariant functional measure corresponding to this local gauge
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1A eisPnk=1 tkak : (41)
It is also assumed that the eective order of multiple cell intersections be
nite. In the Appendix [(96)] it is proven that under this hypothesis the
measure (39) satises the Slavnov-Taylor identity.
The lack of gauge invariance of the characteristic functions of the cells
induces new contributions to the measure localized on the cell (regularized)
boundaries. Of course the above measure could be ill dened if the cells
would accumulate around some singularity of F0. This could perhaps induce
instabilities of BRS symmetry in the sense of [11].
Another version of the S-T identity concerns the Green functional that
involves the sources j of , J I of bI , I of !I and I of !I and is dened
according:





I+I !I ] : (42)
The mentioned version of the S-T identity is of course:Z
dC e
iSGF s ei [j
+JIbI+I!
I+I !I] = 0 : (43)
It is possible, exploiting the nilpotency of s, to translate (43) into a functional
dierential equation for Z; this requires the introduction of further sources
for the non-linear terms appearing in the s-transforms of the elds; these are
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the source γ for s and I for s!I that appear in a further factor in the
functional measure:
dC e
iSGF ! dC e
iSGF ei [γs
+Is!




Notice that the introduction of the sources for the elds and their variations
has enlarged the functional exterior algebra where our functionals are dened;
indeed in particular ;  and γ are odd elements of this algebra. In the
following formulae many derivatives are in fact anticommuting derivatives,
this induces some obvious change of sign.




I ]s ei [j
+JIbI+I!














I+I !I] = 0 ; (46)
this is equivalent to the rst order partial dierential equation for the ex-
tended Green functional:h











j@γ − J@J − 
K@JK
i
Z = 0 : (47)
This equation translates the S-T identity in terms of the Green functions.
The same equation holds true for the connected functional:
Zc [ j; J; ;  ; γ; ]  −i logZ [ j; J; ;  ; γ; ] : (48)
It is very useful to translate (48) for the proper functional [1]. Perturbatively
this is the functional generator of the 1-particle-irreducible amplitudes and
it is generally dened as the Legendre transform of Zc. It is often called the
eective action, although this name is also shared by completely dierent
objects. Introducing the collective symbol J for the eld sources (j; J; ;  ),
K for the other sources (γ; ) and  for the elds (; b; !; !), one denes the
eld functional:
 [J ;K]  @JZc [J ;K]− @JZc [0; 0] ; (49)
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then, assuming that the inverse functional J [;K] be uniquely dened, one
has the proper functional:
Γ [;K]  Zc [J [;K] ;K]−
Z
( + @JZc [0; 0])J [;K] : (50)
It is easy to verify that:
@Γ [ [J ;K] ;K] = J ; (51)
and
@KΓ [;K] j=[J ;K] = @KZc [J ;K] : (52)
Therefore:
@@0Γ [;K] j=[J ;K] = − [@J @J 0Zc [J ;K]]
−1
: (53)
That is: the second eld-derivative of Γ gives the full wave operator. Notice
that the − sign in (51) refers to bosonic elds while in the fermionic case one
has the opposite sign.
Using the above identities one can immediately write the S-T identity for
the proper functional:
@Γ@γΓ + @!IΓ@IΓ + bI@!IΓ = 0 : (54)
This identity is a crucial tool in many instances, we shall exploit it in the
analysis of unitarity, even more important is however its role in renormaliza-
tion. A third interesting application of (54) is the search for generalizations
of the geometrical setting of gauge theories. This is based on the fact that
(54) is veried by the classical action S of a gauge theory. Indeed the classical
action is the rst term in the loop-ordered perturbative expansion of Γ.
Under the standard assumption of a closed gauge algebra (12) S has the
following structure:













In the case of renormalizable theories this structure is obliged by the con-
dition that the dimension of the action be limited by that of space-time.
However the low energy eective actions of more general theories, such as
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e.g. supergravity, are free from dimensional constraints; this allows the in-
troduction of terms of higher degree in the sources γ and . Disregarding
the gauge xing, setting ! = b = 0, let us consider for example:













that inserted into (54) gives:





























































= 0 : (57)
In order to simplify the notation we have written @ instead of @. The
rst line requires the invariance if the Sinv under the physical action of the
dierential system X in (10), the second one replaces the rst line in (19).
It is indeed clear that the rst term in this line gives the commutator of two
X’s, the second one gives the structure functions of the algebra while the last
one is new; it denes the deviation from a closed algebra that however, being
proportional to the eld derivative of the physical action, vanishes on the
mass shell. The third and fourth line in (57) follow from the Jacobi identity,
the second line of (19); the last two lines follow from the particular choice
of (55) excluding e.g. terms of second order in . (55) shows the simplest
example of the extensions of our method to open algebras that have been
introduced by Batalin and Vilkovisky [12].
A very simple example of a mass-shell closed gauge algebra can be found
if one tries to use the BRS algorithm to compute a n-dimensional Gaussian
integral in polar coordinates3. Let ~x with components xi ; (i = 1; ::; n) be
the variable and Sinv = −
x2
2
dene the invariant measure under the action
of the gauge group O(n) corresponding to the BRS transformations:
sxi = !ijxj (58)
3This exercise has been suggested by J.Fro¨hlich
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where !ij is the O(n) ghost antisymmetric in its indices and, as usual, the
sum over repeated indices is understood. The polar coordinate gauge choice
corresponds to the vanishing of n − 1 components of ~x. This conguration
has a residual O(n− 1) invariance and therefore the Jacobian matrix in (13)
is highly degenerate. To overcome this diculty one has to enlarge the BRS
structure adding ghosts for ghosts (γij); and hence introducing the ghost
transformations:
s!ij = γij − !ik !jk
sγij = γik !jk − !ik γjk : (59)
With this choice s is not nilpotent; indeed s2xi = γijxj. It is mass-shell
nilpotent since the "eld equations" are: @xiSinv = xi = 0. Disregarding the
structure of the gauge xing and introducing a suitable set of sources, (55)
is adapted to the present case according:




(60) satises the Slavnov-Taylor identity (54) ( for b = 0 ) The last term in
(60) corresponds to the second order term in γ in (55).
5 Unitarity
The rst step in the analysis of S unitarity is the study of the asymptotic
propagators and wave operators of a gauge theory [13]. For this we compute
at the origin the second derivative of (54) with respect to the space-time
Fourier transform ~(p) of  and !I ; setting:
@~(p)@Γ[0]  Γ(p) ; (61)
@!I@~γ(p)Γ[0]  V





I (p) = 0 : (63)
This corresponds to the transversality condition for the vacuum polarization
in QED. In much the same way, taking the second derivative with respect to
~bI(p) and !J , we get
ΓI(p)V










@!I@~!J (p)Γ[0]  C
J




Γ ;ΓI and 
J
I are elements of the eld wave operator C
J
I of the ghost wave
operator. (64) shows that for a generic choice of momentum C being a non-
degenerate matrix, the eld valued vectors with components V I are linearly
independent. We shall call them longitudinal. One can complete a basis of
the eld space introducing a further set of vectors labelled by the index r
and with components V r . We shall call these vectors tranverse. We dene:




s Γ ; (68)
and





Taking into account (63) and (64) we can write the wave operator in the ; b
space according: 0B@ Γ




where the rst line and column correspond to the transverse eld components,
the second ones correspond to the longitudinal components and the third to






The asymptotic states correspond to vectors belonging to the kernel of the
asymptotic wave operator; these are given by their amplitudes: vr; wI ; zJ
satisfying:
Γ(T )(asy)rsv




J + IJ(asy)zJ = 0 : (72)
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This system has three dierent families of solutions:
i) the solutions with: w = z = 0 and:
Γ(T )(asy)rsv
s = 0 ; F I(asy)rv
r = 0 ; (73)
that correspond to the transverse elds rin. Notice that the number of in-
dependent solutions of the rst equation is reduced by the second equation
acting as a constraint. In general the number of these constraints coincides
with that of the ghost degrees of freedom.
ii) the solutions with v = z = 0 and CI(asy)Jw
J = 0 that correspond to the
longitudinal components Iin.
iii) the solutions without trivial components that correspond to the eld
bin;I .
The solutions of the last two kinds are in the same number as and degen-
erate with those of the ghost wave equation.
In terms of these asymptotic elds and of the ghost ones we can write the











































Z  SZ = 0 ; (75)
and hence we have:











: ZjJ=0 = 0 : (76)
Now we introduce a hermitian operator Q [14], dened in the asymptotic
Fock space generated by the "in" elds, by the following relations:




= i !Iin ;
[Q; bin;I] = 0 ; fQ;!
I
ing = 0 ; fQ; !in;Ig = i bin;I : (77)
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Notice that with our conventions all the asymptotic elds are hermitian ex-
cept !in;I that is anti-hermitian, however the gauge xing action is hermitian.
Notice also that Q generates a nilpotent transformation on the Fock space.










Therefore the cohomology of Q can be identied with the subspace of the
Fock space generated by (−)rin . Notice that the asymptotic properties of
these eld components are completely determined by the invariant part of Γ
and hence it is expected that they generate a positive norm space. It is also
clear from the denitions (77) that the states in the image of Q have vanish-
ing scalar product with those in its kernel, they are in particular zero norm
















: ZjJ=0 = 0 : (78)
Under the assumption that the measure corresponding to a hermitian La-
grangian dene a "pseudo"unitary S-matrix in the asymptotic Fock space:
SSy = SyS = I ; (79)
and that Γ(T ) correspond to a positive metric transverse space - both as-
sumptions are obvious in perturbation theory - we conclude that, owing to
(78) and to the above discussed properties of Q, the S-matrix is unitary in
the physical space identied with the cohomology of Q.
We consider for example an SU(2) Higgs model that involves an iso-
triplet of vector elds ~A, a triplet of Goldstone particles ~, and the Higgs
eld  that we shall not consider explicitly. Therefore  stands for ~A ; ~.
We add a further iso-triplet of Nakanishi-Lautrup multipliers ~b. In the tree
approximation the free lagrangian density is given by:
L = −
















From now on we shall disregard the isotopic indices since all the wave op-
erators are diagonal in the isotopic space. The wave operator (61) is given
by:  





where the rst row and line correspond to A and the second ones to . ΓI

























3g2V 2 + p2

; (85)
One nds the corresponding asymptotic states, solutions of the wave equa-
tion:
Γ(T )rs (p)vs(p) = 0 ; (86)
for p2 = g2V 2. These solution span a three dimensional linear space; due




In this appendix we prove (39) exploiting (28). The rst step will be the
proof of two lemmas whose recursive use will lead to (39). Let us consider
the set of cells fUag and the corresponding partition of unity fag and gauge








where the check mark above ak means that the corresponding term should
be omitted. It is fairly evident that the functional (87) is antisymmetric
with respect to permutations of the indices (a1; :::; an) and that its support
is contained in the intersection of the corresponding cells.






= (−1)n+1n sa1:::san : (88)













= sa1:::san ; (89)
indeed only the term with k = n+1 contributes to the second member giving






























































s (ak −al) e
isa1;:::;an+1 ; (93)
from which one reaches (90).
Let us now consider the extension of (29) to the case of a cell decompo-






































(sa1a2)A s@ (a1a2) e
isa1;a2X : (94)























s (sa1a2)A @ (a1a2) e
isa1;a2 : (95)







































s eisa1;:::;am+1X : (96)
22
It is clear that, if the maximum eective number of intersecting cells is N
the right-hand side of (96) vanishes for m  N .
23
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